We propose an optical system for synthesizing double-phase complex computer-generated holograms using a phase-only spatial light modulator and a phase grating filter. Two separated areas of the phase-only spatial light modulator are optically superposed by 4-f configuration with an optimally designed grating filter to synthesize arbitrary complex optical field distributions. The tolerances related to misalignment factors are analyzed, and the optimal synthesis method of double-phase computergenerated holograms is described.
Introduction
Complex spatial light field modulation technology using spatial light modulators (SLMs) has been actively researched since the beginning of digital holography [1] [2] [3] . But the necessity of complex SLM has not been as strong as in recent years with the global onset of genuine investment in the research and development of holographic three-dimensional (3D) displays. Holographic 3D displays are considered as the next-generation or ultimate 3D display, providing the most natural and satisfactory 3D scenes. The research and development of holographic 3D displays has advanced in accelerating steps [4] .
The most challenging technology for realizing holographic 3D displays is the complex spatial light modulator with wavelength-scale pixel size and ultra-high resolution. In principle, given independently controllable and very thin amplitude and 2π -range phase modulation SLMs, we can realize perfect complex SLMs by cascading the two SLMs with precision pixel matching alignment [3] . However, in practice, the cascading architecture suffers from many practical problems, including serious cross-talk due to diffraction during the long-distance propagation of an optical field. A second practical problem is the fine alignment of two distant phase-and amplitude-type SLMs to pixel-to-pixel matching level. Serious Moiré patterns can be generated due to a slight misalignment. To avoid these problems, several alternative methods using a single SLM have been developed [2, [5] [6] [7] [8] [9] . The double-phase hologram (DPH) or two-phase encoding method is one of the most practical candidates for complex SLM [2, 5, 7] . Basically, the DPH is an interferometric technique conveying two separated computer-generated phase holograms, which are combined to produce a computer-generated complex optical field, referred to as a double-phase computergenerated hologram (DPCGH). Recently, an advance in the DPH technique has been reported, wherein a polarization sensitive component (PSC) and a polarizer were used to combine two adjacent phase-only pixels within a short distance enabling neglect of the diffraction effect on the complex modulation [5] . This DPH architecture is encouraging, since the thickness of the architecture can be reduced to ignore the diffraction effect by using two adjacent pixels in a single panel. For this, the beam-combining optics composed of thin optical films was invented. However, the PSC element and polarizer are not cost-effective and it is not easy to make large size complex SLMs due to the practical limitation in scaling the PSC element.
These previous works have inspired a basic question regarding the possibility of making a DPH configuration using cost-effective non-polarization elements, and a strong need for investigation of the design and analysis of bulk-optic DPH systems and compact device-level DPH architectures. Recently, optical systems using binary diffraction grating for synthesizing an optical complex field has been reported, combining the real and imaginary terms based on the concept of optical scanning holography [9] . In this paper, a similar configuration with diffraction grating is used to design DPH systems for generating complex optical fields. Because of its interferometric properties, the DPH system is sensitive to misalignment and aberration of the optical system. The noise inherent in the DPH has not been a central issue in complex optical field synthesis, but our analysis shows that the effect of the translation mismatch and long propagation diffraction is profoundly influential on the imaging quality of holographic 3D images displayed by the DHP system. We propose a DPH system using a phase-only SLM with a grating filter, and analyze the intriguing degradation effect observed in the proposed DHP system associated with misalignment and diffraction, and its physical mechanism. Based on the analysis, we describe the optimal encoding method for the DPH system.
In section 2, two comparative DPH configurations using a phase-only SLM and a grating filter are proposed and modeled mathematically. In section 3, the performance of the DPH systems is analyzed numerically, which is followed by the conclusion.
Two double-phase hologram configurations
To study the DPH system, we set up two DPH configurations based on a spherical 4-f optical system and a cylindrical 4-f optical system with a grating filter inserted in the Fourier domain, as illustrated in Figs. 1(a) and 1(b), respectively. A plane wave is normally incident on the phase-only SLM in the input plane, where two phase holograms,
.e. DPH, are displayed in symmetrically separated regions, where the double slit aperture isolates the phase hologram regions clearly. The DPH is imaged in the output plane through the spherical or the x-axis cylindrical 4-f system with a periodic grating filter inserted in the Fourier filter plane. The role of the grating filter is bidirectional translation of the SLM image along the ± x-axis directions in the output plane by diffractive beam splitting, which leads to coherent superposition of the upper and lower phase holograms in the overlapped region in the center of the output plane [9] . The phase-hologram images can be transferred through higher-order diffraction channels and contaminates the output field, as shown in Fig. 1(a) , but these signals can be rejected simply by an opaque spatial filtering mask.
In the configuration using spherical lenses, the 4-f system is constructed for both x-and ydirections. Under the ideal alignment condition, the accurate overlapping imaging of the DPH can be obtained, and as a result, the formation of a nearly perfect complex optical field is expected to be synthesized in the output plane of the 4-f system. We will analyze the influence of the misalignment of the upper and lower phase holograms in the output plane and the vertical shift of the grating filter for the generation of holographic 3D images, and address the conditions for optimal performance of the system.
To obtain additional insight on the effect induced by diffraction, the modified 4-f DPH system with cylindrical lenses shown in Fig. 1(b) is examined comparatively. In the cylindrical 4-f system, the two-dimensional optical transform of the system is separated by xand y-dependent 1D transforms. For the x-direction, the 1D 4-f system is realized, but for the y-direction, the system looks like 1D free space to the propagating optical field, and as a result, the y-directional 1D Fresnel diffraction image of the DPH is formed in the output plane. In theory, the Fresnel diffraction can be viewed as the multiplication of the quadratic phase term or propagator function to the angular spectrum of the optical field, where the phase profile of the propagator function becomes highly oscillating in proportion to the propagation distance, meaning the Fresnel diffraction makes the phase profile structure of the optical field more complicated.
The quadratic phase provided by the lens compensates for the diffractive divergence of an optical field through inter-distant free-space. By intentionally eliminating this quadratic phase compensation by using a cylindrical configuration, we can understand the diffraction effect on complex optical field synthesis more analytically. The grating filter in the Fourier domain plays the same role of copying the resultant DPH images periodically in the output plane. Under perfect alignment condition, the ± first-order images are coherently overlapped in the central region to produce a designed complex optical field or complex CGH. In this configuration, we would like to figure out the effect of the 1D Fresnel diffraction on the misalignment tolerance and degradation of synthesized holographic 3D images. The spherical 4f system with a grating filter inserted in the Fourier domain can be mathematically modeled based on Fourier optics theory [10] . The system is divided into the first part in front of the grating plane and the second part behind the grating plane. The spherical and cylindrical 4-f systems are represented by the generalized Fresnel transform with separable kernel [10] . The generalized Fresnel transform between the input plane ( ) 
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where λ and f are the wavelength and focal length of the lenses, respectively. To calculate the DPCGH, we need to define the inverse generalized Fresnel transform as
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is given, for the spherical and cylindrical systems by
and the y-dependent inverse kernel ( ) 
In the case of the spherical 4-f system, the transform kernel of the first part is given by the multiplication of Eqs. (1b) and (1c). The optical field in the Fourier domain (grating plane) is multiplied by the transmittance function of the grating filter. The optical field modulated by the grating filter is transmitted to the output plane through the second part, which has the same composition as the first part. In the inverse transform of Eq. (2a), the multiplication of the grating transmittance function should be omitted, where the inverse kernel is composed of Eqs. (2b) and (2c). In the case of the cylindrical 4-f system, the transform kernel of the first and second parts is the multiplication of Eqs. (1b) and (1d), and the corresponding inverse kernel is composed of Eqs. (2b) and (2d). Therefore, the total forward and inverse transformations used in the modeling of the DPH systems are respectively represented as
and exp .
CGH of SLM plane In particular, when the target image includes zero intensity in its signal domain, the inverse transform of Eq. (4a) can induce random noise in the zero intensity region of the reconstructed image since the phase cannot be properly determined in the zero-intensity points. To prevent this undesired random noise, which can deteriorate the signal-to-noise ratio, we employ a small positive regularization constant δ in the inverse transform Eq. (4a) in the following form
The complex optical field in the input DPH plane (SLM plane),
represented as the sum of two pure phase functions with constant amplitude as 
In the numerical simulation of the DPH system, the upper and lower phase holograms are assumed to have the x-directional width, 3 .2mm w = and the x-directional shift of the center of the upper area from the origin ( 0mm
The grating period ( Λ ) is determined such that the first-order diffraction of a normally directed optical ray passing the center of the upper or lower phase hologram and heading toward the center of the grating filter is exactly aligned to the normal direction parallel to the z-directional optic axis. In this sense, the grating period, Λ , is given by Figs. 2(e) and 2(f), respectively. The second example 'SAIT' is dressed with a spherical phase profile to be correctly observed by a virtual camera with a 1cm-radius aperture located at z = 1m. The observation of the accommodation effect of the holographic 3D image 'SAIT' is presented and discussed in the next section.
Comparison of the complex field synthesis by two DPH configurations
In this section, the performance and tolerance of complex field synthesis of the spherical and cylindrical DPH configurations are comparatively analyzed. Our focus of analysis is on the tolerance of the translation mismatch of two phase holograms at the output plane and the vertical spatial shift of the grating filter, which are denoted by d Δ and h Δ , respectively. For quantitative analysis, the image quality measure of the obtained complex field, ( ) , F x y , i.e., a holographic image, is defined by the signal-to-noise ratio (SNR) in the form of ( ) (
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where S and N indicate signal and noise areas in the output plane, respectively. The definition of SNR is appropriate for the evaluation of 2D optical field distribution, but a more sophisticatedly designed measure for quantitatively scoring the quality of holographic 3D image has to be investigated further. Here, the SNR measure of Eq. (7) is only used to evaluate the image quality of the first synthesis example of the 'SAMSUNG' 2D flat image in the output plane. As will be discussed in this section, the SNR analysis is used to analyze the influence of the system parameters, d Δ and h Δ on the formation of 'SAMSUNG'. The phase holograms of Eqs. (6a) and (6b) are displayed in the upper and lower regions of the SLM, respectively, as shown in Fig. 2 . Let us pose a misalignment problem as follows. The misaligned DPH function is defined as ( ) x w Γ = . Also, in a practical system, the vertical (x-directional) shift of the grating filter, h Δ , is inevitable, which induces a phase difference between the positive and negative first-order diffraction fields. This phase difference significantly impacts the interference of the DPCGH, and the compensating factor phase compensation factor, θ Δ , must be considered. This phase compensation factor for the grating shift is inserted by the addition of a constant phase to the lower phase hologram, and the resulting expression of the misaligned DPH takes the form of ( ) 
In this study, the use of an ideal sinusoidal grating filter and a binary-phase grating that is an approximation of the ideal sinusoidal grating filter are compared. The grating transmittance functions, GR t for the former and latter cases are given, respectively, as
where sgn(a) is the sign function that indicates 1 or −1 according to whether the real number a is positive or negative. In practice, the sinusoidal grating profile has a negative and positive gray scale amplitude profile, which requires a composite structure of binary phase and gray scale amplitude modulation layers, while the binary grating can be simply fabricated by a periodic surface relief structure on transparent substrate, so the use of binary phase grating is practical. However, from a theoretical point of view, the comparison of two types of grating filters is valuable to understand the theoretical limit of the synthesis performance. 
Synthesized complex optical field In Fig. 3 , the SNR variations for the misalignment factors, d
Δ and θ Δ , are compared for four different DPH system configurations; (i) spherical 4-f system with sinusoidal grating filter, (ii) cylindrical 4-f system with sinusoidal grating filter, (iii) spherical 4-f system with binary grating filter, and (iv) cylindrical 4-f system with binary grating filter. The maximum peak SNR indicates the optimal phase compensation parameter for specified translation misalignment of DPH. In the analysis, the SNR versus θ . This operation can modify the original light field profiles. The obtainable complex light field at the DPCGH plane is the superposition of two light fields modulated by the phase-holograms with limited bandwidth. In this case, the light field matching condition is deviated from the mathematically exact condition. The background noise pattern is sensitive to the field modification since the background noise has faster oscillating features (high spatial frequency components) than the image signal. Thus the noise terms in the complex light fields generated by the upper and lower holograms lose the mathematically deterministic property, thus two light fields from two holograms Therefore the phase compensation factor θ Δ should be statistically determined by the way of minimizing the average errors and maximizing the SLR as presented in the analysis of Fig. 3 .
Also, in practical experiments, the optimal compensation factor θ Δ should be extracted by parametric searching.
Comparing the obtained reconstructed images of 'SAMSUNG', the SNRs of both the spherical and cylindrical system with a sinusoidal grating filter reach a nearly perfect value of 1, as shown in Figs. 3(a) and 3(b) . But under the optimal SNR condition, the absolute amplitude of the reconstructed image, and relative diffraction efficiency, of the spherical system are much greater than that those of the cylindrical lens system. The distinguishable point of the spherical system from the cylindrical system is the higher diffraction efficiency. However, it is also noteworthy that the SNR over 90% (0.9) is obtainable by the cylindrical 4-f configuration, although the diffraction efficiency is relatively low. The use of binary grating is a practical choice, but the 0th order noise and higher-order stray noise are significant in the background of the obtained reconstructed images as indicated in Figs. 3(c) and 3(d) even in the optimal SNR condition. The maximum SNR is smaller than 50% (0.5), which poses a limitation of the image quality achieved using binary phase grating. The diffraction efficiency of the cylindrical 4-f configuration is relatively lower than that of the spherical 4-f system, which is similar to the case of the system with a sinusoidal grating filter.
In Fig. 4 , the 3D observation simulation [11] of the holographic 3D images through the DPH configurations (i)-(iv) is performed for the 3D target image 'SAIT' shown in Fig. 2(d) . The letters 'S', 'AI', and 'T' are located in the transversal planes at 6cm z = − , 1cm z = − , and 4cm z = , respectively. As shown in Fig. 4 , all configurations generate clear accommodation effects in observations. The comparison of the noise distribution between the systems with sinusoidal grating and binary grating filters confirms the superiority of using the sinusoidal grating. Comparing the observed images, we can see that the quality of the cylindrical 4-f image is comparable to that of the spherical 4-f system with respect to noise distribution, but its diffraction efficiency seems to be lower than that of the spherical 4-f system.
The analysis shows that the amount of noise and its vulnerability to misalignment around a specified position are related to the local oscillation frequency in the phase structure of DPCGH, which tends to be more oscillatory as a corresponding target object moves far away from the DPCGH plane (the output plane) as seen from a comparison of Figs. 2(b) and 2(e), and Figs. 2(c) and 2(f). As the phase profile has highly oscillating features, a slight misalignment leads to catastrophic destruction of the DPCGH pattern, which is the origin of degradation and noise that are expected in practical experiments. In practice, the expressible 3D depth is limited due to the vulnerability to misalignment as well as expressible spatial frequency in the DPH system. The adaptation of the small positive number δ for regularization is to reduce the randomly distributed noise by enhancing the phase regularity of DPCGH. From a practical point of view, the cylindrical 4-f system is advantageous in the minimization and scalability of fabrication in the form of arrays. The configurations shown in Figs. 1(a) and 1(b) are the bulky optical system, where the SLM is supposed to have phase holograms composed of a large number of pixels. Within the total axial length, the ydirectional Fresnel diffraction for the cylindrical 4-f system is considerable. For the downsizing of the system to the device level, wherein the SLM component only represents adjacent two pixels on a micrometer scale, the cylindrical 4-f configuration is more acceptable than the spherical 4-f configuration, since a cylindrical lens array is easier to fabricate than a spherical lens array.
As discussed, the use of an ideal sinusoidal grating with positive and negative amplitudes for the configurations produces the optimal performance of synthesizing a complex light field by eliminating the 0th order noise and higher stray diffractions. However, the reduction of the axial length of the optical system is expected to enable us to adjust the grating period to eliminate the images brought through higher diffraction channels. Also, although the sinusoidal grating is essential for maximizing the SNR and displaying complex DPCGH images clearly, its total transmission efficiency is 50% and the even splitting of the 50% optical power results in the eventual diffraction efficiency limitation of 25% in synthesizing DPCGH. The total transmission efficiency of the sinusoidal grating is 25%. However, the maximum achievable efficiency of the system using the binary phase grating is dated to about 40%, since the usual binary phase gratings can be optimized to have maximum diffraction efficiency of about 80%. The high diffraction efficiency of the binary phase grating can be an appealing point with regard to practical device implementation. Therefore, it is reasonable that the cylindrical lens configuration with a binary grating can be adopted as a candidate for complex SLM device architecture based on two-pixel combination as well as general complex field synthesis based on the bulk optic system configuration. It is expected that the diffraction effect is reduced for short inter-distance between the panel and the output plane in devicelevel architecture.
Conclusion
We have investigated and analyzed the optical performance of DPH configurations based on 4-f configuration with grating filters, and addressed the optimization method of the system parameters associated with misalignment. It has been shown that two separated phase holograms on a single phase-only SLM can be effectively combined with simple cylindrical 4-f configuration with a binary phase grating filter, to generate the desired complex optical field that can yield correct holographic 3D images. This scheme is the most practical and feasible scheme for device fabrication. The next step is to design a realizable device-level architecture of DPH using cost-effective and scalable elements, such as lens arrays and phase gratings, without using expensive and non-scalable polarization sensitive devices. In the same direction, we will further investigate more simplified device structure without using lenses.
